We study the number of dimer-monomers M d (n) on the Tower of Hanoi graphs T H d (n) at stage n with dimension d equal to 3 and 4. The entropy per site is defined as
I. INTRODUCTION
The dimer-monomer model is an interesting but elusive model in statistical mechanics [1] [2] [3] . In this model, a dimer is realized by a diatomic molecule with two neighboring sites attaching to a surface or lattice. For the sites that are not occupied by any dimers, they could be regarded as covered by monomers. Let us define N DM (G) to be the number of dimer-monomers on a graph G.
The computation of the general dimer-monomer model remains to be a difficult problem [4] , in contrast to the closed-packed dimer problem on planar lattices that had been discussed and solved more than fifty years ago [5] [6] [7] . Recent computation of close-packed dimers, dimers with a single monomer, and general dimer-monomer models on regular lattices are given in Refs. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . It is also interesting to discuss the dimer-monomer problem on fractals with scaling invariance but not translational invariance. The fractals with noninteger Hausdorff dimension can be constructed from certain basic shape [19, 20] . A famous fractal is the Tower of Hanoi graph, and it has been discussed in different contexts [21] [22] [23] .
The dimer-monomer problem on the Tower of Hanoi graph with dimension d = 2 was discussed in [24] . In this article, we shall first recall some basic definitions in section II. In section III, we present the recursion relations for the number of dimer-monomers on T H d (n) with dimension d = 3, then enumerate the entropy per site using lower and upper bounds in details. The calculation for T H d (n) with dimension d = 4 will be given in section IV. In the last section, we shall predict the general form of the lower and upper bounds of the entropy per site for dimer-monomers on the Tower of Hanoi graph with arbitrary dimension.
II. PRELIMINARIES
In this section, let us review some basic terminology. A graph G = (V, E) that is connected and has no loops is defined by the vertex (site) set V and edge (bond) set E [25, 26] .
Denote v(G) = |V | as the number of vertices in G and e(G) = |E| as the number of edges.
Two vertices a and b are neighboring if the edge ab is included in E. A matching of a graph G is an independent edge subset where the edges have no common vertices. The number of matching in G is denoted as N DM (G), which corresponds to the number of dimer-monomers in statistical mechanics. Although monomer and dimer weights can be associated to each monomer and dimer (cf. [16] ), we shall set such weights to 1 here.
N DM (G) can increase exponentially as the number of vertices approaches to infinity, and the entropy per site z G is defined as
where the subscript G indicates the thermodynamic limit.
The two-dimensional Tower of Hanoi graph T H 2 (n) at stage n = 0, 1, 2 shown in Fig. 1 has been discussed in Ref. [24] . At stage n = 0, T H 2 (0) is a regular triangle. T H 2 (n + 1) is consisted of three T H 2 (n) using three edges to connect the outmost vertices. Such arrangement can be generalized to construct the Tower of Hanoi graph with higher dimension. For the general Tower of Hanoi graph T H d (n), the number of edges is
while the number of vertices is
3)
The (d + 1) outmost vertices of T H d (n) have degree d, while the other vertices have degree
The first three stages 0 ≤ n ≤ 2 of the two-dimensional Tower of Hanoi graph T H 2 (n).
III. THE ENTROPY PER SITE FOR DIMER-MONOMERS ON T H 3 (n)
We shall consider the entropy per site for dimer-monomers on the three-dimensional Tower of Hanoi graph T H 3 (n) in details. The following quantities will be used in this section. 
Definition III.1 Consider the three-dimensional Tower of Hanoi graph
, and s 3 (n) are illustrated in Fig. 2 , where we only show the outmost vertices explicitly. Due to rotational symmetry, there are four orientations of g 3 (n), six orientations of h 3 (n) and four orientations of t 3 (n), so that
for a non-negative integer n. The values of these quantities at n = 0 are f 3 (0) = 1, g 3 (0) = 0, h 3 (0) = 1, t 3 (0) = 0, and s 3 (n) = 3, so that M 3 (0) = 10. The aim of this section is devoted to the asymptotic behavior of M 3 (n). The six quantities
s 3 (n) satisfy the recursion relations given in the following Lemma, and they shall be written as M, f , g, h, t, and s for simplicity in this section.
We only show the four outmost vertices explicitly for f 3 (n), g 3 (n), h 3 (n), t 3 (n), s 3 (n), where each open circle is covered by a monomer while each solid circle is covered by a dimer.
We shall define six additional quantities P 3 (n), Q 3 (n), R 3 (n), X 3 (n), Y 3 (n), and W 3 (n) as follows. Let P 3 (n) be the number of dimer-monomers on T H 3 (n) so that one certain outmost vertex is covered by a monomer, and the other three outmost vertices can be covered by either dimers or monomers. The other quantities Q 3 (n), R 3 (n), X 3 (n), Y 3 (n), and W 3 (n) can be defined similarly as shown in Fig. 3 = 1 configuration where all the connecting edges are included in the matching, such that all four constituting T H 3 (n) are in the f 3 (n) status.
These configuration are shown in Fig. 4 , so that f 3 (n + 1) can be written as
Here we use the shorthand notations
Using the relations in Eq. (3.2) for the quantities P 3 (n), By the same token, the recursion relations of g 3 (n + 1), h 3 (n + 1), t 3 (n + 1), s 3 (n + 1) can be expressed as follows.
Using the relations in Eq. (3.2) again, Eqs. (3.4)-(3.7) are proved.
Finally, the number of dimer-monomer, M 3 (n + 1), is given by 14) as illustrated in Fig. 5 . Using the relations in Eq. (3.2), Eq. (3.14) becomes Eq. (3.8), and the proof is completed.
Illustration for the recursion relation of M 3 (n + 1).
, and M 3 (n) can be evaluated using Eqs. and their values for n = 0, 1, 2 are listed in Table I . However, these numbers increase exponentially as n increase, and have no simple integer factorizations.
In the rest part of this section, we shall estimate the entropy per site z T H 3 = lim n→∞ ln M 3 (n)/v(T H 3 (n)). For the three-dimensional Tower of Hanoi graph, let us define the ratios
and their values for 1 ≤ n ≤ 4 are listed in Table II . From the first few values of f 3 (n), g 3 (n),
and it is easy to prove this inequality by induction for all positive integer n. Therefore, we have α 3 (n), β 3 (n), γ 3 (n), ω 3 (n) ∈ (0, 1). The relationship of these ratios is given in the following Lemma. Lemma III.2 For any integer n > 0, the values of the ratios α 3 (n), β 3 (n), γ 3 (n), and ω 3 (n)
are ordered as 16) and they are equal in the large n limit
Proof It is obvious that all these ratios are positive because f 3 (n), g 3 (n), h 3 (n), t 3 (n), s 3 (n) are positive. Let us write α 3 (n + 1), β 3 (n + 1), γ 3 (n + 1) and ω 3 (n + 1) as Here we use the shorthand notations α, β, γ, ω for α 3 (n), β 3 (n), γ 3 (n), ω 3 (n) throughout this section.
We shall demonstrate that 2/3 < ω 3 (n) < γ 3 (n) < β 3 (n) < α 3 (n) < 1 by induction on n, and prove that the differences between these ratios approach to zero as n increases. The inequality 2/3 < ω 3 (n) < γ 3 (n) < β 3 (n) < α 3 (n) < 1 holds for 1 ≤ n ≤ 3 as shown in Table   II . Let us assume that it remains valid for a certain positive integer n.
It is not hard to see that α 3 (n) decreases while ω 3 (n) increases as n increases, namely, α 3 (n + 1) < α 3 (n) and ω 3 (n) < ω 3 (n + 1), that is shown in the appendix. Define ǫ 3 (n) = α 3 (n)−ω 3 (n), and 0 ≤ ǫ 3 (n) ≤ 1/10 holds for 1 ≤ n ≤ 4. Assume that ǫ 3 (n) > α 3 (n)−β 3 (n),
.
Define the positive quantities 21) and write 22) where the summation of the powers of a 3 (n), b 3 (n), c 3 (n) for each term is at least two, and we use the fact that ǫ 3 (n) is larger than a 3 (n), b 3 (n), or c 3 (n). It follows that
By the same method, we also have 0 < β 3 (n + 1)
Therefore, we have
for a positive integer k ≤ n. Because 0 ≤ ǫ 3 (k) ≤ 1/10 is valid for a small positive integer k, ǫ 3 (n) decreases as n increases and the values α 3 (n), β 3 (n), γ 3 (n), ω 3 (n) are closed to each other when n becomes large. The value of ǫ 3 (n + 1) is actually smaller than ǫ 3 (n) 2 , and their ratios for 1 ≤ n ≤ 4 are listed in Table III . Numerically, we find that in the large n limit
and the proof is completed. 
where we use the fact that α 3 (n) is a monotonically decreasing function shown in the appendix, such that
The lower bound of M 3 (n) can be obtained similarly.
We shall derive the entropy per site for dimer-monomers on the four-dimensional Tower of Hanoi graph T H 4 (n) in this section. The method is the same as that in the previous section.
Definition IV.1 Consider the four-dimensional Tower of Hanoi graph T H 4 (n) at stage n. f 4 (n), g 4 (n), h 4 (n), t 4 (n), s 4 (n) and u 4 (n) are illustrated in Fig. 6 , where we only show the outmost vertices explicitly. Due to rotational symmetry, there are 
for a non-negative integer n. The initial values at n = 0 are f 4 (0) = 1, g 4 (0) = 0, h 4 (0) = 1, t 4 (0) = 0, s 4 (n) = 3, u 4 (n) = 0, and M 4 (0) = 26.
We write a program to get the recursion relations for T H 4 (n). These recursion relations are much more lengthier than those for T H 3 (n) and are omitted. The values of M 4 (n),
, s 4 (n) and u 4 (n) for 0 ≤ n ≤ 2 are listed in Table IV . For the four-dimensional Tower of Hanoi graph, let us define the ratios α 4 (n) =
and ω 4 (n) =
, similar to those in Eq. (3.15). It can be shown that α 4 (n) decreases monotonically as n increases while ω 4 (n) increases monotonically, and
for any positive integer n. The values of these ratios for 1 ≤ n ≤ 4 are listed in Table V, and they approach to each other as n increases. In the large n limit, the numerical results 
V. SUMMARY
The lower and upper bounds of the entropy per site for dimer-monomers on T H 2 (n) in
Ref. [24] , and on T H 3 (n), T H 4 (n) given above lead to the following conjecture for general T H d (n) with any dimension d ≥ 2. 
Notice that although the lower and upper bounds given above are not exactly the same as those in [24] , the convergent rate is equivalent. The lower and upper bounds given above apply to 2 ≤ d ≤ 4, and we conjecture that they are valid for any dimension d. It appears that the convergence of the lower and upper bounds of the entropy per site for dimer-monomers on T H d (n) becomes a bit faster as d increases.
The present results can be compared with the entropy per site for dimer-monomers on the Sierpinski gasket (cf. [27] ), z SG d , as listed in 
